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0. Introduction 
Jf C and H are finitely generated groups with finite commutator subgroups, it is 
shown that the following three properties are equivalent: 
(i) the profinite completions of G and H are isomorphic, 
(ii)CXZsHXZ, 
(iii) for some positive integer n, X” G S X” H. (Here, X n denotes the n-fold 
Cartesian product.) 
This result was suggested by some recent results of Mislin’s concerning nilpotent 
groups, [lo]. To state Mislin’s results, we need some technical terms from the 
theory of nilpotent groups. We remark first that the machinery from the theory of 
nilpotent groups is not needed to prove our main result above. If G is a nilpotent 
group, then we denote by GO its rationalization, or Mal’cev completion 181, and, 
more generally, we denote by ‘;p its localization at the prime p, [ 3, 13, 15, 16, 171. 
Mislin says that two infinitely generated nilpotent groups, G and H, are of the same 
“genus” if Gp s HP for all primes p. He shows that if G and H are finitely generated 
nilpotent groups, and if there is some finitely generated Abelian group A such that 
G XA s II XA, then 6 and H are of the same genus. He proves that the converse 
holds for a suitable A if G and Hare of the same genus and have finite commutator 
subgroups. He also shows that in this event, there is a positive integer n such that 
X” G SE X” H. 
It turns out, as we will show below, that for nilpotent groups with finite commu- 
tator subgroups, G and H have the same genus (in the sense of Mislin) if and only if 
their profinite completions are isomorphic. Hence, the result we have stated above 
includes and strengthens Mislin’s results for nilpotent groups with finite commuta- 
tor subgroups as well as giving a non-Nilpotent generalization. 
There is another notion of “genus” for finitely generated nilpotent groups, intro- 
duced by Pickei [ 12). If G is any group, we let 9(G) be the set of isomorphism 
classes of finite quotient groups of G. Pickel says that two finitely generated nilpo- 
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tent groups, G and H, have the same genus if y(G) = T(H) and G0 s Ho. It is easy 
to verify that if two finitely generated nilpotent groups have the same genus in the 
sense of Mislin, then they have the same genus in the sense of Pickel. (It seems to be 
unknown whethe; or not the converse holds.) In the last section of this paper, we 
show that Mislin’s results for finitely generated nilpotent groups (which do not nec- 
essarily have finite commutator subgroup) can be considerable strengthened, if one 
uses Pickel’s notion of genus rather than Mislin’s. 
We close this introduction with some remarks on reiated results and on the history 
of some of these questions. 
If A is a finitely generated Abelian group, and G and H are Abelian groups uch 
that A X G s A X H, then G z H. For a proof of this, and of the fact that the Abelian 
hypothesis on G and H is essential, we refer to [ 141. The present results (and those 
in [IO]) yield many noncancellation phenomena s soon as one can find examples 
of nonisomorphic groups in the same genus. Simple examples, with cyclic commuta- 
tor subgroups, are discussed in [lo] and [ 17, Ch. 51. Mislin’s work arose out of recent 
work on genus and noncancellation i topology, for which we refer to [4,5,9, 181. 
1. Profinite completions and cancellation 
If G is any group, we let y(G) be the set of isomorphism classes of finite quotients 
of G, and we let G” be the subgroup of G generated by nth powers. We let A X B be 
the Cartesian product of A and B, and X” G be the n* Cartesian power of G. We de- 
note by G the pro-finite completion of G - the completion of G in the topology de- 
fined by taking as neighborhoods of (1) the set of all subgroups of finite index in G. 
We remark that this topology is not changed if we restrict our attention to normal 
subgroups of finite index. 
Lemma 1.1. Let G and H be groups such that for all positive integers n, G/Gn and 
H/H” are finite, and such that F(G) = y(H). Then d z fi. 
The negative solution of the Burnside problem implies that not all finitely gener- 
ated groups have the property that G/Gn is finite for all n, but it is well known that 
all finitely generated nilpotent groups have this property. 
P*2oL If G satisfies the indicated hypothesis, then one can easily pick out G/G” 
from among the fLnite quotient groups of G, since it is the largest finite quotient 
group of exponent X -The condition that F(G) = F(H) therefore implies that 
G/G” z H/H? We let ?$ be the set of all isomorphisms f : G/G” + H/p. If k divides 
n, and f E Fn, then f cleaily induces an isomorphism f’ ; G{Gk -+ H/Hk. We there- 
fore have a natural map #(n,k) : Fn + Fk defined whenever k divides n. A standard 
lemma, known variotlsly as the Koenig Graph Theorem or the Koenig Infinity Lemma 
(for proofs see [7, II, pp. 167-9j or [ 11, p. 38 11, or treat it as an exercise in the 
application of the Tychonoff Theorem) implies that one can choose from each F,, 
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an isomorphism fn such that #(n,k)(&) = fk whenever k divides 11. These isomorphisms 
fn induce an isomorphism d = lim inv G/P + lim inv H/M = fi. 
Theorem 1.2. Let G and H be groups such that for all positive integers n, G/Gn and 
H/p are finite. Suppose in addition that one of the folIowing conditions holds: 
(a) X ” G s Xn H for some positive integer n; 
(b) G X L s H X L for some group L such that L/Ln is finite ,for all positive inte- 
gers n. 
Then&II 
Proof. We first recall that finite groups atisfy a Krull-Schmidt Theorem ([6, pp. 144- 
1581 or [2, p. 1301). Condition (a) implies that X “(G/Gk) s Xn(H/Hk) for all positive 
integers k, which, by the Krull-Schmidt Theorem, implies that G/Gk s H/Hk for all 
positive integers k. By the argument of Lemma 1.1, this implies that d z k The argu- 
ment from condition (b) is exactly the same. 
2. Groups with finite commutator subgroup 
Theorem 2.1. If G and H are finitely generated groups with finite commutator sub- 
groups, then the following four conditions are equivalent: 
(4 %G) = WO; 
(b) for some positive integer n, Xi1 G E X”’ H, 
(c)GXZrHXZ; 
(d)G&i. 
Proof. Since a group with finite exponent and finite commutator subgroup is clearly 
finite, these groups atisfy the hypotheses of Lemma 1.1 and Theorem 1.2. It follows 
that (a), (b), and (c) all imply (d). 
We next show that (d) implies (a). It is a theorem of Hall’s [ 1, Th. 2.81, that the 
center of a finitely generated group with finite commutator subgroup has finite in- 
dex. If C is the center of G and G/C has exponent k, then for all positive integers n, 
Gn 2 P > Gkn. It follows that we can define the profinite topology on G by taking 
the normal subgroups c2 as neighborhoods of the identity in G. This clearly implies 
that &an be regarded as a subgroup of e, and that the natural map G + G induces 
an isomorphism G/C+ G/C. (We also note that since C is a finitely generated Abelian 
group, all this shows that G is Hausdorff in its profinite topology, so that G is em- 
bedded in 6.) 
We will show that (d) implies (a) by showing that 7(G) = 7(G), whenever 6 is a 
finitely generated group with finite commutator subgroup. It suffices to show that 
a finite quotient group of G is a homomorphic image of G. Suppose, then, that L is 
a normal subgroup of d of finite index, and K = G/L. Let L’ = L f~ c, where we re- 
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gard C as a subgroup of G as before. t n C still has finite index in 6, and there is a 
positive integer n such that (@ & L n C. It will therefore suffice to show that G/(& 
is a homomorphic image of G. Since C is a finitely gencrated Abelian group, it is a 
well-known triviality that the natural map C/P + C/(@ is an isomorphism, from 
which it follows that the natural map G/P + G/(& is an isomorphism, as-desired. 
This shows that 9(G) = 9(G), and, similarly, 9’(H) = S(@, from which it follows 
that (d) implies (a). 
We now proceed to the proof that (d) implies (b) and (c). We regard the group G 
as an extension 
(1) l+T+G-+F+l, 
where T is a finite group and F is free Abelian of finite rank. Since the center of G 
has finite index in G, we can find a subgroup D of G such that 
(i) D is in the center, 
(ii) D is free Abelian, 
(iii) the natural map v : G + F takes D isomorphically onto Fk for some fixed 
positive integer k-. 
We recall that a section u of the above extension is a function o : F + G such 
that vo = 1,. Given such a section, we can define an “action” of F on T and a “fac- 
tor set” as follows. The action is a function (not necessarily ahomomorphism) 
ar : F + Aut(T) defined by letting a(x) be the automorphism y + o(x)-$a(~). The 
factor set is a function f of two variables F X F + T defined by o(x) 00) = o(xy)flx,y). 
It is clear that if we know the factor set and the action, we can reconstruct the ex- 
tension. For details on all of this, we refer to [2, pp. 218-2221. 
In discussing the group G, we restrict ourselves to sections a of a particular type. 
On the subgroup Fk, we let (J be the (unique) homomorphism Fk + D such that vu 
is the identity on Fk. We define u arbitrarily on a set X of coset representatives of 
Fk in F and extend to all of F by the rule O(U) = u(a) u(x) whenever x E X and 
a El? We note that if a andfare the action and factor set defined using such a section, 
then ar(ax) = c@) if x E X and a E Fk, and, similarly, f(lrx, by) = f(x,y) whenever x
and y are in X and a and b are in Fk. It follows that cy and fare actually independent 
of the choice of coset representatives (though not of the section) and f and ar can be 
regarded as defined on the group F/Fk rather than on F. 
We now suppose that we are given a second such extension 
(2) 1 +T+H+F’+ 1 
where T is the same finite group that appeared in (l), and F’ is free Abelian of the 
same rank as F. We assume, further, that the integer k is chosen so that this extension 
(2) splits when restricted to (F’>k. It follows, as before, that H is determined by an 
action, QI’, and a factor set, f’, which are defined on F’/(F’)k. We say that an iso- 
morphism E : F/F k + F’/(F’)k induces a “weak equivalence” between these exten- 
sions if the factor sets and actions can be chosen so that a(x) = (x’[(x) and flx,y) = 
f”(E(x), 5&Q), for all x and y in F/Fk. In this event, the groups G and H are clearly 
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very similar, but they need not be isomorphic, since $ need not come from an actual 
isomorphism of F onto F’. If we choose some isomorphism g : F + F’, and let 
g : F/Fk + F’/(F’)k be the induced isomorphism, then 8 -‘L$ is an automorphism of 
F/Fk with a well-defined eterminant (in Z/kZ), and g actually is induced by some 
isomorphism of F onto F’ if and only if this determinant is 51. (This statement is 
equivalent to the well-known statement that an automorphism of F/Fk arises from 
an automorphism of F if and only if its determinant is +l . A proof of this for the 
case when k is prime may be found in [ 17, Ch. 51. The proof generalizes easily to 
an arbitrary positive integer k.) 
We define d(E) = de@ -‘g). This is not quite well defined. If h is another isomor- 
phism of F onto F’, then an easy computation shows that de@ -‘g) = + det@ _- ‘&$ 
Hence d(r) is well defined up to sign. Equivalently, d(t) is a well defined element of 
(Z/kZ)*/(+l). (It is more convenient, however, to regard (f) as an element of Z/kZ.) 
We now suppose that we are given two extensions, (1) and (2) which are weakly 
equivalent in the above sense. We claim that 
13) GXZ=HXZ, 
TO see the first of these, we extend the isomorphism g : F/Fk + F’/(F’)k to an iso- 
morphism, 13, of (F/Fk) X Z/kZ onto (F’/(F’)k) X Z/kZ by letting q take F/Fk onto 
F’/(F’)k as before, and letting q take Z/kZ onto Z/kZ by multiplying by d(g)- l. It 
is clear from our previous considerations that r) arises from an isomorphism of F 
onto F’, since d(q) = 1, from which it is clear that G X Z s H X Z, as desired. 
Similarly, E clearly determines an isomorphism 
X” $ : X1’ F/Fk + X” F’/(F’)k, 
and d(XnE) = d(gr. Statement (4) follows, since d(#)@‘(k)‘2) = f 1. 
TO complete the proof of Theorem 2.1, we consider two groups, G and H, with 
finite commutator subgroups, uch that G z fi. We recall that G is given by an ex- 
tension (l), and G is given by an extension 
(5) l-*T+G+F+l 
where we can identify T with the set of elements of finite order in G. It follows that 
if we identify G and fi, we also identify the subgroups consisting of elements of 
finite order, so that, in fact, G and H can be regarded as extensions of a fixed finite 
group T by free Abelian groups of the same rank, as in (1) and (2). If we have iden- 
tified d and &, then we have identifications of G and H with subgroups of 6. We 
let the image of H in b be F’. We note that the map F’ + p induces an isomorphism 
F’/(F’)k + $@‘)k, for any positive integer k. By the ?ame reasoning as before, the 
extension (5) splits when restricted to the subg: zup (F’Jk, for some positive integer 
k. It follows that the extension (5) is determined by an action a! and factor set f de- 
fined on &@‘)% The t‘same” factor set and action determine the groups G and H, 
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as extensions of T by F and F’ respectively, under the natural isomorphisms 
j+(fik z FfFk 2 f”/(F’)k. 
It follows immediately that the extensions (1) and (2) are, in fact, weakly equivalent, 
and that G and H have the properties tated in (b) and (c). 
3. Genus and cancellation for finitely generated nilpotent groups 
We denote by G!, the p-adic completion of the group G. Gp = lim inv G/G?’ 
k 
. 
Lemma 3.1. If G and H are finitely generated nilpoten t groups, then y(G) = Fcm 
if and only if tip s ITIp for all primes p. 
This is essentially [ 12, Lemma 1.21, but the present proof is much shorter. 
Proof. We proceed as in the proof of Lemma 1 .l , noting that if we know s(G), then 
we can identify G/GPk as the largest element of 9(G) of exponent pk. By the same 
argument as in Lemma 1.1,7(G) determines the p-adic completions Gp up to iso- 
morphism. 
Conversely, if we know G!,, then we know G/GP k 
since G/GPk 
for every positive integer k, 
= G1,/(GPrk ([ 16, Theorem 4.221 or [ 17, Theorem 7. lo]). If tz is any 
positive integer, and u(p) is the exponent of the prime p in a factorization of 12, then 
G/G’1 s I$ G/GP”@‘. Hence, the p- adic completions of G determine Y(G). This 
proves Lemma 3.1. 
We recall that Gp is the localization of G at the prime p as in [3, 13, 15, 16, 171. 
We also recall that the p-adic completion of G can be identified with the p-adic com- 
pletion of Gp. 
Lemma 3.2. Let G and H b! jinitely generated nilpotent groups such that for all 
primes p, Gp s Hi,. Then G, z HP and Go - 2 Ho (the Ma1 ‘cev completions are iso- 
morphic). ,
Proof. This is a triviality, since (;t, is the p-adic completion of G,, and Go can be 
identified with the Mal’cev completion of G1) for any prime p. 
Remark 3.3. We have no examples of finitely generated nilpotent groups to show 
that we can have Go s Ho and GP 
for all primes p. 
g fiP for all primes p without having Gp s HP 
Theorem 3.4. I,#‘G and Hare finitely generated nilpotent groups and either 
(a) P G s P H, for some positive integer n, or 
(b) G X L s H X L for some finitely generated nilpotent group L, 
then Go s Ho and GP s I$ jbr all primes p. 
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Proof. As in the proof of Theorem 1.2, the Krull-Schmidt theorem for finite groups 
shows that either condition implies that 9(G) = 9(H), whence, by Lemma 3.1, 
$, = I$,. The conditions also imply that X n Go = Xl2 Ho or Go X Lo 2 &, X LO. 
Go, & and L0 may be regarded as groups admitting operators in the ring Q of ratio- 
nal numbers, and, as such, they satisfy the ascending and descending chain condi- 
tions. Since the Krull-Schmidt Theorem is valid for groups with operators atisfy- 
ing both chain conditions (16, pp. 144-1581 or [2, p. 130]), the result follows. 
Remark 3.5. In [lo], Mislin shows that if(b) above holds and L is actually finitely 
generated Abelian, then GP E H’ for all primes p. His proof does not apply when L 
is not Abelian. His conclusion is presumably stronger than the one here, though this 
point is not clear because we do not have adequate xamples (see Remark 3.3). 
Theorem 3.6. Let G and H be finitei’y generated nilpotent groups with finite commu- 
tator subgroups. l%e following 5 conditions on G and H are equivalent: 
(a) y(G) = RN), 
(b) Xl1 G 2 X n H, for some positive integer n, 
(c)CXZrHXZ, 
(d) dP z fi’ for all primes p, 
(e) GP z HP for all primes p. 
Roof. This is really a corollary of all that has g&e before. The equivalence of the 
first four conditions follows from Theorem 2.1 and L&ma 3.1. (e) implies (d) by 
Lemma 3.2. We sketch briefly two ways to prove that (d) implies (e). The first is 
to note that by Mislin’s theorem [lo], (c) implies (e). Alternatively, one can copy 
the proof of Theorem 2.1, using a factor set and action to describe G and H, and 
note that if F is a free module of finite rank over the ring Z, of integers localized 
at p, then any automorphism of F/pkF is induced by some automorphism of F. 
Remark 3.7. To relate Theorem 3.6 to Mislin’s results, we note that Mislin proved 
that (c) implies (e), and also proved a converse which replaces Z in (c) by a free 
Abelian group whose rank is the Hirsch number of G. Mislin also showed that (e) * 
implies (b) and left the converse as an open question. 
Note added in proof: In the proof of 3.4, G0 is not a group with operators in the 
sense of [6], since the operators are not endomorphisms. However, this property is 
used in the proof of the Krull-Schmidt Theorem only to show that if A and B are 
normal operator subgroups of G with A n B the identity, then AB 2 A X B, which 
is self-evident in our case. 
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